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We analyze whether a pair of neutral two level atoms can become entangled in a finite time while 
they remain causally disconnected. The interaction with the e. m. field is treated perturbatively in 
the electric dipole approximation. We start from an initial vacuum state and obtain the final atomic 
correlations for the cases where n = 0, 1, or 2 photons are produced in a time t, and also when the 
final field state is unknown. Our results show that correlations are sizeable inside and outside the 
mutual light cone for n = 1 and 2, and also that quantum correlations become classical by tracing 
over the field state. For n = we obtain entanglement generation by photon propagation between 
the atoms, the correlations come from the indistinguishability of the source for n = 1, and may give 
rise to entanglement swapping for n = 2. 



PACS numbers: 03.67.Bg, 03.65.Ud, 42.50.Ct 



I. INTRODUCTION 

Quantum superposition and entanglement are the cor- 
nerstones lying at the foundations of quantum informa- 
tion and the principal support of the new quantum tech- 
nologies which are at different stages of conception and 
development at present. Putting entanglement to work, 
enabling its use as a resource, is the key to the success 
of these technologies. Therefore, a complete understand- 
ing of entanglement, necessary at the fundamental level, 
is also important for these developments to occur. En- 
tanglement can be envisaged in very different forms; it 
originally appeared in quantum mechanics [l[ as a direct 
connection between distant particles, a residue of past di- 
rect interaction between them (2j. In quantum field the- 
ory entanglement can be traced back to the non-locality 
of the vacuum state [H, 0] or, simply, to field propaga- 
tion. Similar arguments operate for a lattice of coupled 
oscillators @. 

In this paper we analyze some features of entanglement 
generation closely related to the microscopic causality of 
quantum field theory. Put in simple words, this work 
attempts to ascertain whether a pair of spatially sepa- 
rated parties (say, a pair of neutral two level atoms A 
and B) can get entangled in a finite time while they re- 
main causally disconnected @, H] • Each party interacts 
locally with the electromagnetic field, the carrier of the 
interaction. We stress here that, as shown in [8j], pertur- 
bation theory produces nonsignalling results for this 
system and that the apparent causality violations come 
from the nonlocal specification of some final states. At 
first sight, the question can be answered in the negative; 
if the parties remain causally separated from each other, 
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they can not entangle. However, the propagator D(x,y) 
is finite even when c(x — y)° < |x — y|, and perhaps 
some correlations could be exchanged between both par- 
ties • Alternatively, the correlations could be blamed 
on the preexisting entanglement between different parts 
of the vacuum [ll|, 03' which could be transferred to 
the atoms. Whatever the point of view, correlations are 
exchanged through (time ordered) products, while only 
commutators are restricted to be causal [l3[ . Our analy- 
sis can not sidestep that the role of the field goes beyond 
that of a mere carrier, quanta could be absorbed from 
the field or escape in the form of photons [3, EH] ■ How 
does the entanglement between A and B depend on the 
state of the field? This question shapes our discussion 
below. 

We will include in the final state all the perturbatively 
accessible field states, analyzing for each of them the cor- 
relations in the reduced atomic state. We compute the 
entanglement measures for different values of (x — y)° and 
|x — y|, that lie inside the atoms mutual light cone and 
beyond. The atomic state that results after tracing over 
the states of the field is separable, which means, in the 
scheme of 11], that there is no transference of vacuum 
entanglement, only classical correlations. In [ll|, these 
correlations become entanglement when a suitable time 
dependent coupling with the scalar field is introduced. As 
pointed out in [12] , this would require an unrealistic con- 
trol of the atom-field interaction in the electromagnetic 
case that wc arc dealing with here. As an alternative way 
to achieve entanglement between the atoms we consider 
a postselection process of the field states with n — 0, 1, 2 
photons. This is a nonlocal operation and therefore en- 
tanglement generation is allowed. In (To| . only the vac- 
uum case when |x — y| S> c(x — y)° was analyzed, and no 
entanglement measures were considered. We get quan- 
tum correlations for all the different field states. We also 
get useful hints on the nature of the correlations, whether 
they come from photon exchange, source indistinguisha- 
bility, etc. 
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II. THE MODEL 

We will consider the field initially in the vacuum state, 
including the cases with 0, 1 and 2 final photons to ana- 
lyze perturbatively the amplitudes and density matrices 
to order a. We assume that the wavelengths relevant 
in the interaction with the atoms, and the separation be- 
tween them, are much longer than the atomic dimensions. 
The dipole approximation, appropriate to these condi- 
tions, permits the splitting of the system Hamiltonian 
into two parts H = Hq + Hi that are separately gauge 
invariant. The first part is the Hamiltonian in the ab- 
sence of interactions other than the potentials that keep 
A and B stable, Hq — Ha + Hb + -Afield- The second 
contains all the interaction of the atoms with the field 

Hi = -- V d n (x„,t) D(x„,t), (1) 

60 n=A,B 

where D is the electric displacement field, and d„ — 
Yli e J d 3 Xi ( E | (Xj — x„.) | G ) is the electric dipole mo- 
ment of atom n, that we will take as real and of equal 
magnitude for both atoms (d = dA = de), \E) and 
| G) being the excited and ground states of the atoms, 
respectively. 

In what follows we choose a system given initially by 
the product state, | ip)o — \ EG) ■ | 0) in which atom A 
is in the excited state \E), atom B in the ground state 
| G ) , and the field in the vacuum state | ) . The system 
then evolves under the effect of the interaction during a 
lapse of time t into a state: 

\^) t= T[e- l So dt ' H <^/ h ]\iP)o, (2) 

(T being the time ordering operator) that, to order a, 
can be given in the interaction picture as 

|atomi,atom 2 , field) t = ((1 + a) | EG) + b \ G E)) | 0) 
+ {u\GG) + v\EE))\l) + (f\EG)+g\GE))\2) (3) 

where 

a = l(0\T(S+S A+ S B S+)\0),b=(0\T(S+S A )\0) 
u A = (l|5^|0),«fl - (1|5+|0) (4) 
/ = ±{2\T(S+S2+SBS+)\0),g={2\T(S+SX)\0), 

being S = -{ f* dt' H r (t') = S+ + S~, T being the 
time ordering operator and \n), n — 0, 1, 2 is a short- 
hand for the state of n photons with definite momenta 
and polarizations, i.e. | 1) = |k, e), etc. The sign of 
the superscript is associated to the energy difference be- 
tween the initial and final atomic states of each emis- 
sion. Among all the terms that contribute to the final 
state only b corresponds to interaction between both 
atoms, which is real interaction only if ct > L (L being 
the interatomic distance). This would change at higher 



order in a. Here, a describes intra-atomic radiative cor- 
rections, u and v single photon emission by one atom, 
and g by both atoms, while / corresponds to two photon 
emission by a single atom. Details on the computations 
of these quantities would be given in Appendix A. In 
Quantum Optics, virtual terms like v, f and g, which do 
not conserve energy and appear only at very short times, 
are usually neglected by the introduction of a rotating 
wave approximation. But here we are interested in the 
short time behavior, and therefore all the terms must be 
included, as in [1, [H, H3- Actually, only when all these 
virtual effects arc considered, it can be said properly that 
the probability of excitation of atom B is completely in- 
dependent of atom A when L > ct [l6|, [T3] (L being the 
distance between the atoms). 

Finally, in the dipole approximation the actions hS^ 
in ([3]) reduce to 

S ± = -I [ dt' e ±int ' dE(x,i') (5) 
ft Jo 

where — loe — is the transition frequency, and we 
are neglecting atomic recoil. ([5]) depends on the atomic 
properties f2 and d, and on the interaction time t. In our 
calculations we will take (f2|d|/ec) = 5 • 10 -3 , which is of 
the same order as the Is — > 2p transition in the hydrogen 
atom, consider Sit > 1, and analyze the cases (L/ct) ~ 1 
near the mutual light cone, inside and outside. 

Given a definite field state | n ) the pair of atoms is in 
a pure two qubits state as shown in ©. We will denote 

these states by \A,B,n), p AB = | A, B, n) {A, B, n | , and 
^(n) _ jy B in the following, and will compute the 
entropy of entanglement S^") [HI : 

S(™)=Trpi n) logpi n) (6) 

and the concurrence <CS n ^ 

C (n) = mai{0, VA7 - ( 7 ) 

(being Ai the largest of the eigenvalues Xj (j = 1, ...,4) 
of [(<jy <8) a y )p * (<j y ® &y)]p) for them. 

III. THE CASE WITH n = 

We first consider the case n = 0, where the field 
is in the vacuum state and, after ((3]), the atoms are 
in the pure state ((1 + a)\EG) + b\G E))/c , where 
Co = + a\ 2 + \b\ 2 is the normalization, giving a 

concurrence 

= 2\b\\l + a\/cl . (8) 

It is interesting to note that at lowest order the concur- 
rence arises as an effect of the mutual interaction terms b 
mediated by photon exchange or, in algebraic language, 
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by the vacuum fluctuations. As expected, at higher or- 
ders the radiative corrections described by a dress up 
these correlations. Analytic lowest order calculations 
f[20|) showed that they can persist beyond the mutual 
light cone, vanishing for x — (L/ct) — > oo. We sketched 
in Fig. 1 the concurrence C*- ^ for x around 1. Our com- 
putations were done for the illustrative case where both 
dipoles are parallel and orthogonal to the line joining A 
and B. We will adhere to this geometrical configuration 
for the rest of the letter. It would correspond to an exper- 
imental set up in which the dipoles are induced by suit- 
able external fields. shows a strong peak (of height 
1) inside a tiny neighborhood of x = 1. The features out- 
side the mutual light cone are 7?(|d|/eL) 2 ~ 10~ 6 here, 
and could be larger if ilt < 1 entering into the Zcno region 
(incidentally, \b\ oc t 4 for very small t [I(|). Notice the 
change of behavior between the region where the atoms 
are spacelike separated (x < 1) and the region where one 
atom is inside the light cone of the other (x > 1). This 
qualitative treatment complements the quantitative one 
given in [iol |. 
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FIG. 1: Concurrence of the atomic state in the e.m. vacuum 
p^2g as a function of a; = (L/ct) for three values of z = 
(QL/c) = 5 (solid line), 10 (dashed line) and 15 (dotted line). 
The height of the peak is C (0) = 1. 



The entropy of entanglement written in terms of the 
small quantity 770 = (|6|/co) 2 <E (0, 1) is 



§ (0) - -(1 - Vo) log(l - Vo) - Vo logjfo , (9) 

this is a positive quantity in (0, 1), which attains its max- 
imum possible value S^ -* = 1 when the state is max- 
imally entangled at 770 — 0.5. This is well within the 
small neighborhood of x = 1 mentioned above. Radia- 
tive corrections would shift the maximum to \b\ = |l+o|, 
so the entropy is sensitive to the Lamb shift when this 
contributes to the dipole radiative corrections. 



IV. PHOTON EMISSION 

We now come to the case n — 1, where the 
atoms excite one photon from the vacuum, jumping 
to the state (u\GG) + v\EE))/c u (with c x = 
y/\ u I 2 + I v | 2 ), during the time interval t. The den- 
sity matrix for this case contains the term vu* = 
T ri (l\S+\0)(l\S A \0)* = (0|«S+«S+|0), which we 
will call / in the following, producing a concurrence 

C^=2\l\/cf, (10) 

so, even if this case only describes independent local phe- 
nomena attached to the emission of one photon by cither 
atom A or B, the concurrence comes from the tangling 
between the amplitudes u and v which have different loci. 
The state of the photon emitted by A and the state of A 
are correlated in the same way as the state of the photon 
emitted by B with the state of B are. These independent 
field-atom correlations are transferred to atom-atom cor- 
relations when we trace out a photon line with different 
ends, A and B, when computing du*. In fact, while \u\ 2 
and \v\ are independent of the distance L between the 
atoms, 

1 = _£ tf m ~ U ^ M "^ + ^ + L ^)^P-} 

(11) 

where 

r°° Qinfrr, 

M(L)= dk — «5*(n + ck) «5*(J1 - ck) (12) 

Jo L 

which depends explicitly on L. Above we used 5 4 (w) = 
sin(a;i/2)/(7rw), which becomes S(oj) in the limit t — > 00. 
In Fig. 2 we represent C^ 1 - 1 in front of a; = L/ct for some 
values of z = ClL/c. As the Figure shows, there may be 
a significative amount of concurrence for all x, indicating 
that p*- 1 ) is an entangled state inside and outside the mu- 
tual light cone. The peak at x = 1 comes from the term 
with phase k(L — ct) that can be singled out from the 
linear combination of phasors in the integrand of (1121) . 

Here we have a lone photon whose source we can not 
tell. It might be A or B, with the values of I and 
depending on their indistinguishability. Eventually, con- 
servation of energy will forbid the process G — > E + 7 
for large interaction times. Therefore, v, I and will 
vanish as t grows to infinity (x — > for each value of 
z in Fig. 2), as can be deduced from the vanishing of 
<5'(fi + ck) for t — ► 00. 

The entropy of entanglement gives an alternative de- 
scription of the situation. Its computation requires trac- 
ing over one of the parts A or B, so no information is left 
in about L, but it still gives information about the 
relative contribution of both participating states \EE) 
and \GG) to the final state. In terms of 771 = \v | 2 /ci 2 S 
(0, 1), we have 

= -(1 - 77O log(l - 77!) - 771 logrji (13) 
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FIG. 2: Concurrence for one photon final state (|10|l as a func- 
tion of a; = L/ct for three values of z = QL/c = 5 (solid line), 
10 (dashed line) and 15 (dotted line). Entanglement vanishes 
as t — > oo (a; — > for a given L) and is sizeable for x > 1. 



V. TRACING OVER THE FIELD 

We have seen that if the state of the field is defined, 
the atomic state is entangled inside and outside the light 
cone. But what happens if the field state is ignored, that 
is, if we trace over the field degrees of freedom? Then 
the atomic state is represented by the following density 
matrix (in the basis (\EE), \EG)\ \GE), \GG)}): 



pAB = 




where I = (0\S^S^ |0) was used again, and iV = |1 + 
a\ 2 + \b\ 2 + \u\ 2 + \v\ 2 + |/| 2 + \g\ 2 . It can be shown 
that the concurrence associated to this density always 
vanishes except for a bounded range of small values of 
x. Beyond this range pab is a separable state with no 



Would not be for the difference between Cl+ck and fl—ck, 
v should be equal to u, r\\ — 0.5, and S^ 1 ^ would attain 
its maximum value. Not only this is not the case but, 
as said above, v will vanish with time and only \GG) 
will be in the final asymptotic state. Notice the result, 
indistinguishability was swept away because for large t 
we know which atom (A) emitted the photon. Therefore, 
the entropy will eventually vanish for large interaction 
times. 

There are two cases with n = 2; one (with amplitude 
/) when both photons are emitted by the same atom, the 
other (with amplitude g) when each atom emits a single 
photon. The final atomic state (f\EG) + g\G E))/c 2 , 
with C2 = y/\ f | 2 + \g | 2 , is in the same subspace as for 
n = 0. The normalization C2 is C (a) like the expectation 
values /, g, so that all the coefficients in p^ may be 
large. The concurrence is C*- 2 - 1 =2\fg* |/c|. Due to the 
tracing over photon quantum numbers, f g* is a sum of 
products containing not only factors u and v, but also L 
dependent factors like I. The entropy §^ 2 ^ is now given in 
terms of a parameter 772 = \g [ 2 /c 2 . Notice that |<7| 2 = 
|u| 2 M 2 + |Z| 2 . Hence, both and S< 2 \ depend on L. 
This is different from the single photon case, where the 
only L dependence was in the coherences of Pabi which 
did not feed into p^\ The correlations came in that case 
from the indistinguishability of the photon source. The 
case n = 2 resembles that of the entanglement swapping 
paradigm [2lj . where there are two independent pairs of 
down converted photons. Here we have two independent 
atom - photon pairs. The swapping would arise in both 
cases from detecting one photon of each pair. But with 
the initial state we are considering here, both / and g 
eventually vanish. More interesting would be the case 
with the initial atomic state | E E ) , that we will analyze 
elsewhere. 
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FIG. 3: Mutual information of pab as a function of x = L/ct 
for z — flL/c — 5 (solid line), 10 (dashed line), 15 (dotted 
line). The inset shows the finite concurrences that are possible 
only for small values of x. 

quantum correlations, either inside or outside the light 
cone. But the atoms A and B are mutually dependent 
even for zero concurrence. Their mutual information 
^-(pab) = ^(pa)+^>(pb) — ^(pab), which measures the to- 
tal correlations between both parties, is completely classi- 
cal in this case, but may be finite. We show this quantity 
in Fig. 4 for different values of z with an inset with the 
concurrence for small values of x. 



VI. CONCLUSIONS 

In conclusion, we have studied the correlations between 
a pair of neutral two-level atoms that are allowed to in- 
teract with the electromagnetic field, initially in the vac- 
uum state. We have computed the concurrences that 
arise when the final state contains n = 0, 1, or 2 pho- 
tons. They may be sizeable for x small (t — > 00 for a 
given L) and also around x = 1. Only in the case n = 
there are interactions between both atoms, generating 
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an entanglement that persists asymptotically. We have 
carefully taken into account all the terms contributing to 
the amplitude for finite time (they are cx t 4 , not oc i 2 as 
is sometimes assumed) . A small amount of entanglement 
can be generated between spacelike separated parties due 
to the finiteness of b when x > 1 , but a change of behav- 
ior appears for x < 1. For n = 2 the final atoms are in 
the same subspace than for n = 0. There are similar cor- 
relations that in this case can give rise to entanglement 
swapping, by measuring both photons in a definite state 
for instance. Naturally, in this case entanglement may 
be sizeable for spacelike separated parties, as here this 
is not related to any kind of propagation. Entanglement 
in the case with only a final photon (n — 1) comes from 
the indistinguishability of the photon source. It will van- 
ish asymptotically when, by energy conservation, only 
one atom [A in the present case) may emit the photon, 
and it is also sizeable when x > 1. It is interesting how 
these correlations become classical (except for small x) 
when the states of the field are traced over. We have 
shown through the mutual information the residues of 
what were quantum correlations in the individual cases 
analyzed before. 



Acknowledgments 

We thank G. Garcfa-Alcaine, J. Garcfa-Ripoll, L. 
Lamata, S. Pascazio, D. Salgado and E. Solano for valu- 
able discussions concerning this work. This work was 
supported by Spanish MEC FIS2005-05304 and CSIC 
2004 5 OE 271 projects. C.S. acknowledges support from 
CSIC 13 program. 



APPENDIX 

In this appendix, we will give details on the computa- 
tions of the quantities of interest in the main text. We 
first start with a and b in (j4|) . Both are a sum of second 
order transition amplitudes, which can be written as: 

(^) 2 £ (f\H I \k)(k\H I \ i ) tidhf^dh 

k 

^(Ef-E^/h^iEk-E^U/h /^jN 

being Ef, E k and Ei the energies of the final | /), interme- 
diate | k) and initial | i) states of the system, respectively. 
The sum over k is a sum over all the possible intermediate 
states of the system which in the case of fixed two-level 
atoms reduces to a sum over all the momenta and polar- 
izations of the emitted photon. The time integrations in 
(|A.1[) are just 

e i{E f -Ei)t/h _ l e i(E k -Ei)t/h _ i 

~ H { (E f -E k )(E f -E t ) ~ (Ef - E k )(E k — E^ 

(A.2) 



The second term in (|A.2[) is usually neglected, but give 
rise to a very different short time behavior 20] (cx i 4 , not 
oc t 2 ). Therefore, it is of interest for our purposes. 

In order to obtain b we have to sum over the amplitudes 
for single photon emission at atom A (B) followed by 
absorption at atom B (A). The case where a photon is 
emitted and absorbed by the same atom corresponds to 
a, that we will consider below. Using the mode expansion 
for the electric field: 



E(x) = y ^^ E / d 3 kVk(e^e(k,\)a kx 

- e-* kx e*(k,A)4 A)j (A.3) 

(with [a k \, a k i\i ] = 6 3 (k — k') S\ v) taking into account 
(|XT|) and (TO|) . recalling that J] a e i ( k > A ) e J 1 ( k > A ) = 
$ij — kikj, and using the tabulated integrals that we list 
at the end of the appendix, a somewhat tedious although 
straightforward computation leads to: 

b = ^r(-V 2 % + VtVj) I (A.4) 

a being the fine structure constant and / = /+ + /_, 
which, in terms of z — flL/c and x — L/ct are 

I± = ^^{e lz [Ei{~iz) - Ei{-iz{\ ± l/x))] + 

e~ lz [Ei(iz) -Ei(iz(l± l/x))]} (A.5) 

for x > 1, I having the extra term t7r(l — l/x)e~ tz for 
x < 1. We use the conventions of [22|. As noted in 
[20| . the non-zero contributions for x > 1 come from 
the second term of (IA.2[) . We display here the re- 
sults of the derivatives in (j A.4|) only for the particu- 
lar case where the dipoles are parallel along the z axis 
(d^ = d.B = d = du z ) and the atoms are along the 
x axis, corresponding to the physical situation consid- 
ered previously in, for instance, [l(| and in this paper. 
Actually, \E) is a triply degenerate state | E , to) with 
to = 0,±1 and our scheme holds for a transition with 
Am = [23[ . Another independent possibility would be 
to consider transitions with Am — ±1 that corresponds 
to d = d (u x ± iu y )/V2 [13 . We find that: 

+ (2 + z (-2i + (-1 + x)z)) Ei{- ^- x + x > ) 

+ (-2 + z(2i + z + xz)) £i(-*£i±*}£)] 

+2e~ lz - £K(l£i±5)£)) + 

z e~ tz [-2 x zEi(iz) + (2i + (-1 + x)z) 
Ei{ i { -l+ x ) Z ) + ( _ 2 . + z + xz)Ei( i^)z )]} (A6) 

for x > 1, with the additional term 
iae- lz d 2 (2 + z(2i+{-l + x)z))/{L 2 x) for x < 1. 
Please notice that, for x — 1, Ei(0) — — oc, and 
therefore b — oo, but then, recalling ([H]), = 0. 
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Now we come to a, which is the sum of the radiative 
corrections of atoms A and B. As can be seen in the 
main text, a appears in our results only as a higher order 
correction to b. Therefore, instead of finding an exact 
expression for it, we are mainly concerned with removing 
the divergencies. We followed the standard treatment 
(see, for instance, [HI) which is valid for the times £1 t > 1 
we are considering. From (|A.1[) . it is possible to arrive 
at: 



-2ia\d\ 2 t 



lim 



3 7re 2 c 2 e^o+J 



dujuj 3 (- 



1 



1 



ft — ui + ie ft + uj — ie 
(A.7) 

Now, using in (|A.7|) the identities 



to" 



±(w 2 -=f^ + ^ 2 



Q± 



-), (A.8) 



the first term of (|A.8[) cancels out the contribution of the 
Hamiltonian self- interaction terms [24[ , the second is the 
state-independent contribution that can be absorbed in 
the definition of the zero of energy [24j , the third cancels 
the counterterm coming from the mass renormalization 
f2~j ] and finally the last term has logarithmic divergences 
and a cut-off, related with the fact that we are in the 
electric dipole representation could be imposed at t m i n = 



-19 



in our computations are of the order of t 
10~ 15 s. Therefore: 



10 
n 



the application of (|A.7[) . Taking this into account, we 
obtain: 



Sire L x x x x 

= pd^ {2 + * _ 2 cos( £ } _ 2 (£)«(£)) (A.ll) 
Sir e z L z x x x x 



/ and g can be written in terms of previously computed 
quantities, taking into account that: 

/ = 0(t 1 -t 2 )(UA(tl)v' A (t 2 ) + v' A (t 1 )u A {t 2 ) 

+ u B (t^v's (t 2 ) + u' B (il)« B (*2) ) 
g = u A v' B + u' A v B , (A. 12) 

beings = (l|Sj;|0), and u B = (1|5 B |0). The 
primes are introduced to label two different single pho- 
tons. Therefore, in the computation of |/| 2 , | g | 2 and 
/ g* we will only need, besides | u | 2 , | v | 2 and I, the fol- 
lowing: 



v A u A = v B u B = 



3vrL 2 



t d % d? 



VA V B 



(-V^ij+ViVj)!' (A.13) 



being V = I' + + I'_, with: 



2ia\d\ 2 z z , „1 
a = 7T- t. — In I 



3 7r L 2 e 2 x 



1 + 



(A.9) 



with z max /z = ctt/a . 

Another quantity of interest is what we called / in the 
main text and it is given by (TTTj) and (fT2"|) . Performing the 
integration in (fP2"|) . we obtained M(z,x) — M + (z,x) + 
M—(z, x), where: 

M±(z,x) = ^-{sia(z(l±-))[ci(z)-ci(z(l±-))}- 

47T Z Z X X 

cos (2(1 ± -))[si(z) - si(z(l ± -))]} (A.10) 

X X 

The derivatives in pip were performed in the same par- 
ticular situation as in b. 

\u\ 2 = (0|5^5J|0), and \v\ 2 = (0\SgS^\0), are just 
the two terms that contribute to a without the time or- 
dering and therefore their divergencies are removed by 



1± 



1 



I'+ = ^{e iz Ei{-iz(l± -)) + e~ iz Ei(iz(l± -))} 

2 x x 

(A.14) 



e^ lz Ei(±iz)} 



and u A u* B = v A v* B when x > 1 , with the additional term 
— 2 7rsinz(l — 1/x) when x < 1. Again the derivatives 
were performed as in b and I. 

The following integrals are useful to obtain the results 
of this appendix [22| : 



00 ± i uj 7 

du- - --=Fi7/S 

w + f3 

00 ± i uif 



= -e Tl7/3 Ei(±i-f/3) (A.15) 





w - /? 



with a > 0, ary /3 < 7r. 
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